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Abst rac t - -The  asymptotic behavior of a singular-perturbed two-phase Stefan problem due to 
slow diffusion in one of the two phases is investigated. In the limit, the model equations reduce 
to a one-phase Stefan problem. A boundary layer at the moving interface makes it necessary to 
use a corrected interface condition obtained from matched asymptotic expansions. The approach is 
validated by numerical experiments using a front-tracking method. @ 2000 Elsevier Science Ltd. 
All rights reserved. 
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1.  INTRODUCTION 
This work concerns a one-dimensional, two-phase Stefan problem defined by the init ial-boundary 
value problem on the interval [0, 1] in scaled form, 
COU E C02U e 
- c - -  u~(z ,0 )  = u0(x ) ,  0 < x < s~(t), 
0t 0x 2 ' 
O.v ¢ 0% ¢ 
a~- - 0z~ v~(x ,0 )  = v0(x ) ,  s~(t)  < x < 1, 
(1.1) 
ue(O, t )  = ~, ve(1,t) =/3,  ue(se( t ) , t )  = ve(s~( t ) , t )  = O, 
Ov ~ Ou ~ & (s~(t),t) -~  ( J ( t ) , t )  = A ~( t ) ,  
in the limit as c --~ 0. Here, s~(t)  denotes the position of the moving interface between the 
two phases and the parameter A is the Stefan number. For the sake of simplicity, we assume 
that  the initial conditions in (1.1) are consistent with the boundary conditions, i.e., ~ = uo(0) 
and/3 = v0(1). 
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System (1.1) refers to cases where the diffusion equations degenerate to a singularly perturbed 
problem due to slow diffusion in one of the two phases [1,2]. 
The equations given above act as a model problem for complex multiphase transport phenom- 
ena where the ratio of some physical parameters of the two phases is small [3]. One of those 
problems which is of great interest in practical applications is the simulation of two-phase flows 
where the density ratio between the two fluids is small. 
As E -+ 0, one may expect that the problem can be reduced to a one-phase Stefan problem for 
the single function, v~(x, t) undergoing a diffusion process on a time scale of order O(1). 
However, if this reduction to a one-phase problem is settled by simply putting e = 0 - -a  
procedure frequently to be found in the literature, see the discussion in [3J--then one will get a 
wrong reference problem for small values of e [2]. A much better model (see [3] for the case of 
kinetic undercooling with u0 = 0) is obtained from the use of a corrected Stefan condition which 
results from matched asymptotic expansions in the slow diffusion region. 
In the current investigation, zeroth-order expansions are performed. Higher-order corrections 
seemingly require a new asymptotic approach for singular perturbed parabolic equations. The 
development of these techniques is given in [4]. 
2. ASYMPTOTIC  EXPANSION TECHNIQUES 
Ou ~ 02u ~ In the following, we will consider the parabolic equation -~- = e-~-p- z with initial condition 
u~(x, O) = Uo(X) and boundary condition u~(0, t) = c~, u~(s~(t), t) = 0, where we assume that the 
position of the moving interface s~(t) is known. 
We expect a boundary layer at x = s~(t) such that the outer expansion valid outside the 
boundary layer shall be matched with the inner expansion. 
The zeroth-order term of the outer expansion is simply given by u°(x,t) = Uo(X). To get 
an inner expansion, we introduce ~(x , t )  = (st(t) -x ) /e  and define the function w~(~,t)  = 
ue(x(~ , t), t). A straight forward calculation gives the zeroth-order term 
w°(~, t) = C(t) (exp(s'o ~) - 1), (2.1) 
where S'o (t) is the time derivative of the zeroth-order term of s t (t), (i.e., we assume s~ ( t ) -  so (t) = 
o(s e) and s'~(t) - So(t) = o(s'~)) and C(t) is determined by matching (e.g., with Van Dyke's 
matching rule [5]), 
C(t) = -u0  (so(t)), (2.2) 
°"~ (st(t), t): such that we obtain the following zeroth-order approximation for c 
Ou ~ 
c ~-x (se(t)' t) = uo(so(t)) S'o + O(e), as e --+ 0. (2.3) 
Hence, we end up with the corrected one-phase Stefan problem 
Ov 02v 
20t  - Ox 2, v(O,z)  = vo(z) ,  
(2.4) 
v(t, So(t)) = 0, 0~°v (t, so(t)) = (A + u0(so(t))) ~o(t), v(t, 1) = ,~ 
For the sake of brevity, we put s(t) = so(t) henceforth. 
The zeroth-order expansion (2.4) terminates as soon as the position of the moving interface 
reaches the fixed left boundary x = 0. However, the steady-state position of the interface for (1.1) 
and e > 0 is given by s~ = ¢a/ (ea- /3 ) ,  i.e., s~ = -¢a /~+O(¢2) .  Hence, S(To) = 0 is a 
correct zeroth-order approximation for the steady-state solution. In numerical simulations (see 
Section 3), we see that the solution v(x, To) with s(To) = 0 is the zeroth-order approximation of 
the steady-state solution of (1.1). 
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The interface position s(t) of (2.4) will reach the left boundary in finite time according t.) th(' 
conservation law 
z C '  C Lo(O) Lo( t )=-2 /3t+As( t ) (2 -s ( t ) )+2Ut (s ( t ) ) -2U2(s ( t ) )+2 v(~,t)(1 ,)da, (2.5) 
• s ( t )  
• 8 8 
where Ul(S) := Jo uo({) d~, U2(s) := f0 {u0(~) d{. If we assume, e.g., 
A=I ,  
1 1 
s(O) 2' a 2, no(x) -Sz  2+2 0<x< 
1 
/3=-1 ,  vo(x )=4(1-x )  2-1 ,  ~ <x< 1, 
(s) 
we will get 0.72916 < 35/48 < To _< 58/48 < 1.22917, which should be coml)ared with the 
numerical result To ~ 1.003 for the case e = 0, see Section 3. 
The reason why our zeroth-order approximation has to terminate is that our previous scalings 
will break down: if the position of the moving interface s~(t) is itself of the order O(e), then the 
boundary layer at the interface will interact with the fixed left boundary and it does not make 
any sense to consider an outer expansion. 
Thus, defining se(t) = ca~(t), we should substitute if s~(t) = O(a) the equation for M(.c,t) 
in the slow diffusion region by ze(~,t) = ue(e~,t) whose zeroth-order approximation is given 
0 2 z o 
by -5~ = 0, z°(O,t) = a, z°(cr°(t),t) = 0, such that z°((,t) = -((~/cr°(t))~ + a and 0:° /0(  = 
-(t/~r°(t). Hence, the two-phase interface condition becomes ~ + c~/~ ° = cad ° whose zeroth- 
order approximation is v°(x,t) = -a/cr°(t). If we assume cr°(t) ~ s~/e,  then we will have 
u°(x, t) ~/3 x, which is a zeroth-order approximation of the steady-state solution v~. This anal- 
ysis confirms that at the time To, at which the corrected one-phase problem (2.4) will terminate, 
we have a zeroth-order approximation for the two-phase problem. 
3. NUMERICAL  RESULTS 
In this section, we present some numerical simulations of the one-dimensional Stefan problem 
with slow diffusion for the parameters specified in (S). 
\Ve use a standard front-tracking method on a fixed finite-difference grid [6]. This technique 
suffices to validate the asymptotic expansion of the slow diffusion region. We even restrict ore'- 
selves to an explicit finite-difference scheme xcept in the neighborhood of the moving interface. 
We compare the corrected one-phase problem (2.4) with the exact solution and the "naive 
approximation", i.e., the one-phase problem obtained from (1.1) by simply setting c -- 0. Ac- 
cording to Figure 1 the moving interface of the naive approximation already gets negative at a 
time T ~ 0.46, where the exact interface of the two-phase problem with s 4< 1 is lo('ated at 
s~(0.46) ~ 0.19, and therefore, stays--with respect o the parameter g--significantly away from 
the left boundary x = 0. On the other hand, tim corrected one-phase problem (2.4) exhibits for 
= 0.01 a good agreement of the positions of the moving interface with s~(t). 
The same holds for re(x, t) (see Figm'e 2): the agreement between the two-phase and the cor- 
rected one-phase problem is excellent, whereas the naive approximation shows strong deviations 
fi'om the exact solution. 
The zeroth-order approximation (2.4) can be extended up to the time where the moving inter- 
face s(t) becomes zero: this occurs in the numerical simulation at time To ~ 1.003, see Figure 3. 
\Ve furthermore observe that uS(x, t) exhibits in the slow diffusion region different ime scale 
effects during the transient computation, see Figure 4, where the scaled function 'tY(g.t) = 
u~(yS(t), t), y = x/s~(t) is plotted. 
• A fast time scale at the beginning with a rapid formation of a boundary layer at x =: s(t). 
This is confirmed by the large gradient ~ close to t = O. 
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Figure 1. Position of the moving interface s(t): corr ~ = 0 denote a simulation based 
on the corrected one-phase problem. 
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F igure  2. So lut ions ue(x,t) and vE(x,t) at t ime t -~ 0.2 and ~ = 0.01, compared  w i th  
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Figure 3. Position of the moving interface s(t). 
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• A slow time scale, where the profile outside the boundary layer increases to the nlaximal 
value and the boundary layer starts to move to the left. In this region, the gradient .~ 
stays nearly constant. 
• A fast time scale, where the profile rapidly drops down close to the steady-state profile. 
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Figure 4. Transient behavior of the scaled function ~-~ (y, t). 
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